Let F be a holomorphic foliation of P 2 by Riemann surfaces. Assume all the singular points of F are hyperbolic. If F has no algebraic leaf, then there is a unique positive harmonic (1, 1) current T of mass one, directed by F . This implies strong ergodic properties for the foliation F . We also study the harmonic flow associated to the current T.
Introduction
Let F be a holomorphic foliation of the complex projective space P 2 . Our purpose is to study the ergodic properties of F, using the theory of harmonic currents as developed by the authors in [8] .
We first recall a few facts. Let π : C 3 → P 2 denote the canonical projection. The foliation π * F can be defined in C 3 by a global 1−form ω 0 = a 1 (x)dx 1 + a 2 (x)dx 2 + a 3 (x)dx 3 where the a j (x) are homogeneous polynomials of the same degree δ ≥ 1 without common factors. Moreover since every line through the origin is in the kernel of ω 0 , they satisfy the condition x i a i (x) = 0
The degree of F is by definition deg F = d :=deg δ − 1. It represents the number of tangencies of a generic line L, with F. Let F ol(d) denote the space of foliations of degree d. The space of coefficients of 1 forms of degree δ is a projective space. The subspace given by
x i a i = 0 is a linear subspace, so also a projective space. The subspace of 1 forms of degree δ of the form Hλ where H is a homogenous polynomial of degree 0 < δ < δ and λ is a 1− form of degree δ − δ is an algebraic subvariety. So together this gives that F ol(d) is the complement of an algebraic subvariety of some P N . It follows from the Bézout theorem that the foliation F has a finite number of singularities bounded uniformly by some function of the degree. If in a coordinate chart U, F is defined by ω 1 = α(z, w)dz + β(z, w)dw, then sing(F) ∩ U = {α = β = 0}. We can assume that all the singular points are in the same C 2 , {p j = (α j , β j )} j≤N . Definition 1. Suppose there is a change of coordinates around p j sending p j to 0 and such that ω 0 (z, w) = zdw − λwdz + O(z, w) 2 where λ = a + ib and b is a nonzero number. We say in this case that the singularity is hyperbolic and that we are in the Poincaré domain. If λ is real we say that the singularity is in the Siegel domain.
The following is a classical fact due to Poincaré, see [5] . Theorem 1. Suppose that the singular point is hyperbolic. Then there is a local biholomorphic change of coordinates so that the form ω 0 in these coordinates can be written ω 0 = zdw − λwdz (with the same λ).
We remark that the form ω 0 is invariant under scaling except for multiplication by a constant which of course does not affect the zero set. Hence we can assume that the linearization is valid in a fixed large ball, in particular in a neighborhood of the unit bidisc.
The following result is due to Lins Neto, Soares [11] (we give only the two dimensional version, their result is also valid in P k ). The global behavior of foliations is not well understood. It is unknown whether every leaf of a given foliation F, clusters at a singular point. This problem, known as the problem of existence of a minimal exceptional set is discussed in [6] and [2] for example. It is conjectured in [10] that a generic holomorphic foliation by Riemann surfaces in P k has dense leaves. Recently Loray and Rebelo [12] have constructed non empty open sets of holomorphic foliations by Riemann surfaces in P k such that every leaf is dense. L. Garnett [9] has introduced the notion of harmonic measure for smooth foliations (without singularities) of a compact Riemannian manifold. She studied their ergodic properties. The article by Candel [4] contains a recent approach to that theory. In [8] the authors have shown that a C 1 laminated set without singularities carry a unique harmonic current of mass 1 directed by the lamination. Very recently Deroin and Klepsyn [7] developed the theory of diffusion on transversally conformal foliations and they showed that there are only finitely many harmonic measures.
For holomorphic foliations (with singularities) of P 2 the following analogue was proved in [1] . It is valid for laminations by Riemann surfaces with a small set of singularities, see [1] and [8] .
Theorem 3. Let F be a holomorphic foliation of P 2 . There exists a positive current T on P 2 , of bidimension (1, 1) and mass 1 which is harmonic, i.e. i∂∂T = 0. Moreover in any flow box B, (without singular points) the current can be expressed as Observe that if F is defined in B by a smooth form ω 0 , then T ∧ ω 0 = 0. We will say that the current is directed by F.
A theory of intersection of positive harmonic currents of bidegree (1, 1) is developed in [8] . The main purpose of the present article is, using that intersection theory, to prove: Theorem 4. Let F be a holomorphic foliation in P 2 without algebraic leaves. Assume that all singular points of F are hyperbolic. Then there is a unique positive harmonic current T of mass one, directed by F.
A consequence of Theorem 4 and of results from [8] is that the foliations F with only hyperbolic singular points are uniquely ergodic in a very strong sense, see Corollary 1. We will show a similar uniqueness result for some classes of foliations with non hyperbolic singularities, see Remark 2, page 56.
Observe that under the assumption of Theorem 4 there is no non zero positive closed current directed by F, see [8] and Brunella [3] for a general discussion of closed cycles on foliations by Riemann surfaces.
The intersection theory of positive harmonic currents in [8] is valid on compact Kähler manifolds. We just recall a few facts restricting to P 2 .
Let T be a positive harmonic current of bidegree (1, 1) in P 2 , i.e. i∂∂T = 0. Let ω denote the standard Kähler form on P 2 . Then T can be written as 
as described in Theorem 3. It is hence possible to consider the geometric self intersection of such currents. More precisely consider suitable automorphisms Φ of P 2 which are close to the identity. For a current T directed by a foliation F, it is possible to define the geometric intersection T ∧ g Φ * (T ) as the measure on the complement of the singular points given locally by the expression
where J α,β denotes the points of intersection of the plaque L α and the plaque (Φ ) * L β . Since T 1 ∧ T 2 = lim →0 T 1 ∧ g T 2, ([8], Lemma 19), to show that T 1 ∧ T 2 = 0 it is enough to count the number of points of intersection of a given plaque with perturbed plaques and estimate the harmonic functions. This is done in [8] (Theorem 6.2) when we assume that the currents T 1 , T 2 are supported on a minimal laminated compact set, which is transversally of class C 1 .
Indeed the minimality hypothesis is not used and the argument there gives the following stronger result.
Theorem 5. Let F be a C 1 lamination with singularities by Riemann surfaces in P 2 . Assume that there is a laminated compact set X without singularities. Then there is a unique positive harmonic current T , of mass 1, directed by F.
Proof. We know there is a harmonic current T 1 of mass 1, supported on X. Let T 2 be another such current directed by F, but not necessarily supported by X. The argument in [8] Theorem 6.2 shows that lim →0 T 1 ∧ g T 2, = 0. Hence T 1 ∧ T 2 = 0. Therefore T 1 and T 2 are proportional.
We now deal with the case where the foliation is holomorphic and the current T contains in its support singular points (which are all hyperbolic).
We will prove the following more general result than Theorem 4. Theorem 6. (MAIN THEOREM) Let F be a holomorphic foliation of P 2 without algebraic leaves. Let X be a closed invariant set for F. Assume that all singular points of X are hyperbolic. Then there is a unique positive harmonic current T of mass 1, directed by X.
The result is valid for a laminated set (X, L, E) where X \ E is a C 1 lamination by Riemann surfaces. The set E = {p 1 , . . . , p } is a finite set and in a neighborhood U j of every singular point p j we assume that X ∩U j is holomorphically equivalent to a lamination contained in z = Cw λj , λ j = a j + ib j , b j = 0. One of the consequences of the main theorem is Corollary 1 (p 55) which says that appropriate weighted averages of the leaves always converge to the current T. This is a strong ergodic theorem. The uniqueness of T also permits to show that λ → T λ is continuous when λ varies in a holomorphic family of foliations as considered in the main theorem.
